We present an extension of the Standard Model (SM) without supersymmetry, which we use to calculate order of magnitude values for the elements of the mass matrices in the SM. In our model we can fit the 9 quark and lepton masses and 3 mixing angles using only 3 free parameters, with the overall mass scale set by the electroweak interaction. The specific model described here has the anti-grand unified gauge group SMG 3 ⊗ U(1) f at high energies where SMG ≡ SU(3) ⊗ SU(2) ⊗ U(1) is the SM gauge group. The SM fermions are placed in representations of the full gauge group so that they do not produce any anomalies. It is pointed out that the same results can be obtained in an anomaly free SMG ⊗ U(1) 3 model.
Introduction
In the Standard Model (SM) all the fermions get a mass via the SM Higgs mechanism. The Higgs sector of the SM is not satisfactory for two reasons. First there is a different Yukawa coupling for each fermion and these couplings make up more than half of the free parameters in the SM. Second, it would seem natural that these couplings should all be similar, probably of order 1, since there is no reason in the SM for the Higgs field to prefer to couple to one fermion rather than another. However, this is clearly not the case experimentally where we know there is a huge range of Yukawa couplings from the top quark with a Yukawa coupling of order 1 to the electron with a Yukawa coupling of order 10 −5 . It is this problem that we wish to address in this paper and we will introduce an extension of the SM where such a large range of Yukawa couplings is natural, due to the existence of new approximately conserved chiral gauge quantum numbers which protect the fermions from gaining a mass. In our model all the elements of the Yukawa matrices (except for one element which leads to the unsuppressed top mass) are suppressed (relative to the assumed natural order 1) by a product of the ratios of the vacuum expectation values (VEVs) of the Higgs fields required to break the extended gauge symmetry to the fundamental scale. In this way we can express very small numbers such as 10 −5 as the product of 5 numbers of order 10 −1 . This type of approach to mass protection has been considered previously, using abelian chiral charges, for the SM [1, 2] and more recently for the minimal supersymmetric SM [3] - [6] . Here we consider the so-called anti-grand unification model [7] based on the gauge group SMG 3 ⊗ U(1) f , where SMG = SU(3) ⊗ SU(2) ⊗ U(1). In fact the same model was considered in [8] but in a more abstract manner. In this paper we further specify the model by actually making a choice of Higgs particles and we find a much better fit. Some other recent attempts to model the fermion masses and mixing angles are reviewed in [9] .
A Realistic Model
A natural way to explain why there are small Yukawa couplings in the SM is to assume that the SM is just a low energy effective theory. Then the smallness of some SM Yukawa couplings can be explained by suppressing the corresponding interactions in the full theory. A simple way to do this is to extend the SM gauge group and include the SM fermions in this group so that the quantum number differences between the left-handed and right-handed fermions are not the same as they are in the SM (in the sense that we introduce new quantum numbers in the full gauge group but, of course, the SM quantum numbers which will be produced by particular combinations of these quantum numbers will be the usual SM quantum numbers for all the fermions). In this way we can still arrange that the left-handed and right-handed top quarks should differ by just the quantum numbers of the Weinberg-Salam Higgs field, and so the top quark mass will not be suppressed. However, in a realistic model where all the fundamental Yukawa couplings are of order 1, no other combination of left-handed and right-handed fermions should differ by these quantum numbers, as no other fermion has the same order of magnitude mass as the top quark. As long as the new chiral gauge quantum numbers are conserved, the other fermion mass terms are forbidden. For these other fermion masses we have to introduce the new Higgs fields, which spontaneously break the extended gauge symmetry and allow the transitions giving mass terms in the SM. For example, consider the bottom quark mass. In the SM this requires a bottom quark Yukawa coupling constant significantly less than 1. However, if we consider that in the full theory the transition amplitude between the left-handed and right-handed bottom quarks is given by the Feynman diagram in fig. 1 , we no longer need Yukawa couplings less than 1. If we assume that all the fundamental Yukawa coupling constants are of order unity, λ i ∼ 1, this diagram gives the following relation for the effective SM bottom Yukawa coupling constant:
where < W > and < T > are simply the VEVs of the new Higgs fields W and T , and M F is the (fundamental) mass scale of the intermediate fermions. Henceforth we will consider the VEVs of all the new Higgs fields measured in units of M F . The results for the fermion masses are rather insensitive to the precise value of M F but, in the spirit of the anti-grand unification model [7] , we shall assume that M F is approximately equal to the Planck mass. This means that the above relation, eq. (1), will be taken to hold at the Planck scale.
For the smallest masses we shall require several such Higgs fields to be used rather than just one or two with a very small VEV. To calculate the effective Yukawa coupling in the SM, we simply multiply the VEVs of all the new Higgs fields needed to generate the interaction in the full theory. By using different combinations of a few Higgs fields we can reduce the number of free parameters. So, in a realistic model, the range of masses would be explained using a few Higgs fields with VEVs within an order of magnitude of the fundamental scale M F .
To make such a model, we must first choose a gauge group which contains the SM gauge group (SMG). Then we must put the SM fermions in the group so that they no longer have the same quantum number differences between left and right components for different generations. Finally, we need to choose some Higgs fields to break the group down to the SMG and also give realistic masses to the fermions, assuming that all the fundamental Yukawa couplings are of order 1. We also need suitable intermediate fermions for diagrams such as fig. 1 . These should be vector-like Dirac fermions with a mass of order M F . We shall assume that all such fermions required are actually present; assuming some not to be present would cause extra suppression of some transitions.
The Anti-grand Unification Model
The anti-grand unification model has previously been considered as a candidate for explaining the fermion masses [8] . The gauge group for the model is:
where we have defined:
The three SMG i groups will be broken down to their diagonal subgroup, which is the gauge group of the SM. The U(1) f group will be totally broken. This gauge group (strictly speaking without the U(1) f group) has been used to successfully predict the values of the running gauge coupling constants in the SM at the Planck scale [7] , as critical couplings estimated using lattice gauge theory. We put the SM fermions into this group in an obvious way. We have one generation of fermions coupling to each SMG i in exactly the same way as they would couple to the SMG in the SM. The broken chiral gauge quantum numbers of the quarks and leptons under the symmetry groups SMG i can readily explain the mass differences between fermion generations but cannot explain all the mass splittings within each generation, such as the ratio of the top and bottom quark masses. It is for this reason that the abelian flavour group U(1) f is introduced. We then choose U(1) f charges with the constraint that there should be no anomalies and no new mass-protected fermions. This leads us almost uniquely to the set of charges shown in table 1. We have labelled the fermions coupling to SMG i by the names of the 'i'th generation of SM fermions. However, this is just a method of labelling the representations of the full gauge group and as we will show later, for example, the fermion we have labelled c R will in fact turn out to be the right-handed top quark in the SM. 
Now we must choose appropriate Higgs fields to break G down to the SMG. The quantum numbers of the fermion fields are determined by the theoretical structure of the model (in particular the requirement of anomaly cancellation), but we do have some freedom in the choice of the quantum numbers of the Higgs fields.
Choosing Higgs Fields
There are obviously many different ways to break down the large group G to the much smaller SMG. In order to decide how we should do this, we must consider how we are going to suppress the fermion masses in order to get a realistic model. However, we can first greatly simplify the situation by considering only the U(1) charges.
To give some justification for considering only the abelian charges, we first make the observation that in the SM there is a charge quantisation rule:
where y is the conventional weak hypercharge. If this is not an accident then we must assume that some such quantisation should be present in the full theory.
The simplest way to ensure this charge quantisation rule, eq. (4), is to assume that such a rule holds for each SMG i separately.
The important point now is that if we assume that the matter (fermion and scalar) fields belong to singlet or fundamental representations of all non-abelian gauge groups, we can use the charge quantisation rules to determine the nonabelian representations from the U(1) i charges y i . So now the four abelian charges can be used to specify the complete representation of G. The charges of the Higgs fields are selected by examining the abelian charge differences between left-handed and right-handed fermions and choosing combinations of charges to allow such transitions between them. The constraint that we must eventually recover the SMG as the diagonal subgroup of the SMG i groups is equivalent to the constraint that all the Higgs fields (except for the Weinberg-Salam Higgs field which of course finally breaks the SMG) should have charges y i satisfying:
in order that their SM weak hypercharge y be zero.
The Weinberg-Salam Higgs Field
We wish to choose the charges of the Weinberg-Salam (WS) Higgs field so that it matches the difference in charges between the left-handed and right-handed top quarks. This will ensure that the top quark mass in the SM is not suppressed relative to the WS Higgs field VEV. However, there is a problem with this. If we choose the left-handed and right-handed top quarks to be the fermions previously labelled t L and t R then we cannot suppress the bottom and tau masses. This is because the charge differences between t L and t R are the same as between b L and b R and also between τ L and τ R . The only solution to this problem in our model is to choose the left-handed and right-handed top quarks to be Weyl fermions from different "proto-generations", i. e. one but not both Weyl states should couple to SMG 3 . In particular, we can choose the right-handed top quark to be any of the 3 fermions we have labelled u R , c R and t R , since these fermions will have exactly the same quantum numbers in the SM. So we will choose the top mass to be due to the transition between the fermions we have labelled t L and c R .
Now it is simple to calculate the quantum numbers of the WS Higgs field. We will use a notation to label the 4 abelian charges by:
are the weak hypercharges with respect to the groups U(1) i (normalised as in the usual SM convention) and Q f is the charge with respect to the group U(1) f . So the quantum numbers of the WS Higgs field are:
This means that the WS Higgs field will in fact be coloured under both SU(3) 2 and SU(3) 3 . After breaking the symmetry down to the SMG, we will be left with the usual WS Higgs field of the SM and another scalar which will be an octet of SU(3) and a doublet of SU(2). This should not present any phenomenological problems, provided this scalar doesn't cause symmetry breaking and doesn't have a mass less than the electroweak scale. In particular an octet of SU(3) cannot lead to baryon decay.
Choosing the Other Higgs Fields
We can now choose the charges of the other Higgs fields in our model, by considering the charge differences between left-handed and right-handed fermions with the inclusion of the WS Higgs. Since we have the constraint of eq. (5), the charges of these Higgs fields must be chosen to span a 3 dimensional vector space of charges represented, for example, by table 1 ). This means that we will need at least 3 Higgs fields to break the gauge group down to the SMG. This gives us a lot of freedom, so we will choose the charges on these Higgs fields by considering phenomenological relations between fermion masses.
Since we are assuming that the fundamental Yukawa couplings are of order 1 but not exactly 1, we can only produce order of magnitude results. So we wish to choose, for example, 2 fermions with similar masses but not order of magnitude equal masses. We can then assume that the lighter fermion is suppressed relative to the heavier fermion by 1 Higgs with a VEV given approximately by the ratio of the 2 fermion masses. For example we would say that the bottom quark and tau lepton masses were of the same order of magnitude (remembering that we take all relations at the Planck scale). However we can take the following 2 ratios of effective Yukawa couplings to be significantly different from 1:
where we have defined 2 Higgs fields, W and T , to have appropriate VEVs to cause the charm and muon to be suppressed relative to the bottom. First we define b to be the difference in charges between b L and b R with the inclusion of the WS Higgs field. So we have:
Similarly we define c and µ to be:
Note that c has been defined using t R since we have essentially swapped the righthanded charm and top quarks. Also the charges of the WS Higgs field are added rather than subtracted for up-type quarks. We observe that:
Now we can express these charges in terms of those of the Higgs fields. We can define:
where we have chosen the overall sign of the charges on the Higgs fields W and T so that a and b are not negative. Q X is the total charges of all other Higgs fields used to suppress the bottom mass relative to the top mass. We will assume that Q X cannot be expressed as a linear combination of Q W and Q T . Now eqs. (7) and (8) require that:
The presence of the ± signs is due to the fact that we can use the fields W † and T † as well as W and T (unlike in supersymmetric models [3] - [6] ) in Feynman diagrams like fig. 1 .
So we can rewrite eq. (12) as:
where the 4 coefficients for each term correspond to the 4 combinations of signs in front of the terms in eqs. (14) and (15), giving 64 cases altogether. All possible choices of coefficient of Q X are non-zero and, by assumption, Q X is linearly independent of Q W and Q T ; so eq. (16) cannot hold. We must therefore conclude that there are no Higgs fields other than W and T used to suppress the bottom quark mass relative to the top quark mass. So we must set Q X = 0. We can now use the fact that a and b are not negative, along with the assumption that Q T is not directly proportional to Q W , to conclude that eq. (16) requires that:
and that the combination of signs is chosen so that:
We note that this immediately implies the reasonably good Planck scale relation:
It is now a simple matter to calculate the charges of the Higgs fields W and T . We have:
From this we can then calculate:
We notice that the charges of W and T do not cover the 2 dimensional space of charges
and Q f , since only even Q f charges can be constructed with integer numbers of these Higgs fields. Therefore, since both W and T have y 1 2 = 0, we will need at least 2 more Higgs fields to fully cover the 3 dimensional charge space required to break G down to the SMG. We will now choose 2 more Higgs fields which, together with W and T , will fully cover this space.
Another parameter in the SM, which is within one order of magnitude from unity, is the mixing matrix element between the 1st and 2nd generations:
With the mass matrix texture in our model, V us is approximately given by the ratio of the mass matrix transition element from d L to s R to the transition from s L to s R . This means that we must have:
We must now choose one more Higgs field to fully span the 3 dimensional space of charges. We shall choose this Higgs field, χ, so that the transition from d L to s R is of the same order of magnitude as the transition from s L to d R . This will lead to 2 different but comparable mechanisms for the down quark mass. So we have:
and the charges of χ are given by:
We can now calculate the suppression of all elements in the Yukawa matrices. However, we must first note that, since we have used 4 Higgs fields, we cannot uniquely resolve the charge differences between left-handed and right-handed fermions. There will be some combination of the 4 Higgs field charges which will result in vanishing charge differences. We must find the smallest combination of the 4 Higgs fields which results in a vanishing set of charges Q = 0. To do this we note that all fermion U(1) f charge differences are quantised as integers. However, the 3 Higgs fields W , T and ξ can only give integer U(1) f charge differences which are even. Therefore we must have at least two χ Higgs fields involved in the combination. Then we can find the unique combination of the other 3 Higgs fields which, together with the two χ fields, give net vanishing charge differences Q = 0. Thus we find that we can only resolve charges in terms of the 4 Higgs fields modulo 2 Q χ − 2 Q ξ − 9 Q T + 3 Q W . Since this involves such large powers of T , there is usually no ambiguity in selecting the combination of Higgs fields which suppresses the transition the least.
Mass Matrices
We can now easily calculate the entries in the mass matrices, by expressing the charge differences between the left-handed and right-handed fermions in terms of the charges of the Higgs fields. We define the mass matrices by considering the mass terms in the SM to be given by:
The mass matrices can be expressed in terms of Yukawa matrices and the WS Higgs VEV by:
This leads to the following order of magnitude Yukawa matrices, where we have written W instead of < W > etc. (recalling that we have set < χ >= 1).
Important Features of the Mass Matrices
One of the most important observations is that the diagonal elements in all 3 mass matrices are the same. This is simply because the U(1) charge differences between the left-handed and right-handed components of a fermion are the same for all the fermions within the same proto-generation (e.g. b L and b R have the same charge difference as τ L and τ R ). This leads to the prediction that the fermions within each generation should have order of magnitude degenerate masses (at the fundamental scale), unless some fermion gets its mass from an off-diagonal term. So we would predict that:
but m t will be larger since the dominant term in M u is off-diagonal. Similarly we make the prediction:
For the first generation it is more complicated. At first it appears that all 3 fermions should have the same order of magnitude mass. However, in diagonalising Y d , there are two contributions of order W T 2 ξ 2 (in units of < φ W S > / √ 2) to the smallest eigenvalue m d . These come from the element (Y d ) 11 and the com-
respectively. The down quark mass will therefore generally be larger (by approximately a factor of 2) and we have:
We can make approximate predictions for the values of all the fermion masses and also for the values of the mixing angles. However, it is simpler to calculate everything directly by computer. We will do this by varying the 3 VEVs and finding the best fit to the experimental data.
Results
Now we are able to choose specific values for the 3 VEVs and calculate the resulting masses and mixing angles. In order to find the best possible fit we must use some function which measures how good a fit is. Since we are expecting an order of magnitude fit, this function should depend only on the ratios of the fitted masses to the experimentally determined masses. The obvious choice for such a function is:
where m are the fitted masses and mixing angles and m exp are the corresponding experimental values. The Yukawa matrices are calculated at the fundamental scale which we take to be the Planck scale. We use the first order renormalisation group equations (RGEs) for the SM to calculate the matrices at lower scales (e.g. see [10] ). Running masses are calculated in terms of the Yukawa couplings at 1 GeV using the relation:
where the low energy VEV of the WS Higgs is:
The only exception is the top quark, where the experimentally measured mass is the pole mass. For quarks, the pole mass M is related to the running mass m, to first order, by:
We cannot simply use the 3 matrices given by eqs.(30)-(32) to calculate the masses and mixing angles, since only the order of magnitude of the elements is defined. This could result in accidental cancellations if we calculated the eigenvalues and eigenvectors using these values. Therefore we calculate statistically, by giving each element a random complex phase and then finding the masses and mixing angles. We repeat this several times and calculate the geometrical mean for each mass and mixing angle. In fact we also vary the magnitude of each element randomly by multiplying by a factor chosen to be the exponential of a number picked from a Gaussian distribution with mean value 0 and standard deviation 1.
We then vary the 3 free parameters to find the best fit given by the χ 2 function. We get the lowest value of χ 2 for the VEVs:
The fitted value of < ξ > is approximately a factor of two smaller than the estimate given in eq. (24). This is mainly because there are contributions to V us of the same order of magnitude from both Y u and Y d . The result of the fit is shown in table 2. The experimental values were obtained from [10, 11] . This fit has a value of:
This is equivalent to fitting 9 degrees of freedom (9 masses + 3 mixing angles -3 Higgs VEVs) to within a factor of 1.54 of the experimental value. This is better than would have been expected from an order of magnitude fit and should be compared with χ 2 = 3.7 for the fit with only 7 degrees of freedom in [8] . 
Conclusions
We have presented a model where we can fit the 9 fermion masses and 3 measured mixing angles using just 3 free parameters, which are the VEVs of 3 fundamental Higgs fields used to break the model down to the SM. We would like to conclude by giving evidence that this fit is significant enough to support such a model. To do this we shall highlight the important features necessary for our model to work.
In some ways our main prediction is that all 3 mass matrices have the same order of magnitudes for corresponding elements on the main diagonal. This leads to the conclusion that the 3 fermion masses within each generation should be order of magnitude degenerate. However, the off-diagonal elements are not the same in the different matrices; so it happens that in the up-type matrix an offdiagonal element dominates and gives a top quark mass larger than the bottom quark or tau lepton masses. This then leads to the charm quark also getting a mass different from the strange quark and the muon. Also, to some extent, the down quark mass is larger (statistically) than the up quark and electron masses, since it can come from the usual diagonal element or order of magnitude equal off-diagonal elements. So we can naturally explain the relations given by eqs. This is quite different from predictions of theories such as grand unified SU(5), where there should be an exact equality between down-type quarks and the charged leptons in the same generation. We only predict order of magnitude equality and, in fact, predict that the electron should have the same order of magnitude mass as the up quark rather than the down quark.
So we would claim that the evidence for this type of model is strong. However, we cannot really claim that we could only produce such results with this gauge group. For example we could consider the gauge group SU(3) ⊗ SU(2) ⊗ U (1) 4 where we define the 4 U(1) groups in the same way as in our model. This anomaly free SMG ⊗ U(1) 3 model would lead to exactly the same results, since we only used the abelian charges and defined the non-abelian representations in terms of them. But we would argue that our model was aesthetically better, since the quantisation of the weak hypercharge is more natural if we have non-abelian groups SU(3) i and SU(2) i associated with the three U(1) i . The U(1) f charges are less aesthetically satisfying, because the W and T Higgs fields have U(1) f charges which are quantised in units of one-third of those of the fermions.
